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We analyze the transport properties of two artificial magnetic impurities coupled together via 
a tunable RKKY interaction mediated by conduction electrons of a finite size one dimensional 
wire. We show that the sign of the RKKY interaction can be controlled by gating the wire. We 
investigate the interplay between finite size effects and RKKY interaction and found that the two 
artificial impurities start to interact each-other as soon as the Kondo screening cloud length becomes 
larger that the length of the wire. This should allow to give a lower experimental estimate of the 
Kondo screening cloud length. 
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I. INTRODUCTION 

One of the most remarkable triumphs of recent 
progress in nanoelectronics has been the observation of 
the Kondo effect in a single semi-conductor quantum 
doti^ When the number of electrons in the dot is odd, 
it can behave as an S = 1/2 magnetic impurity interact- 
ing via magnetic exchange with the conduction electrons. 
One of the main signatures of the Kondo effect is that the 
conductance through the quantum dot reaches the named 
unitary limit 2e 2 /h at low enough temperature T < T% 
where is the Kondo temperature. In this temperature 
regime, the impurity spin is screened and forms a singlet 
with a conduction electron belonging to a very extended 
many-body wave- function known as the Kondo screening 
cloud. The size of this screening cloud may be evaluated 
as £jj ~ TivfITk wn ere Vp is the Fermi velocity. In a 
quantum dot, the typical Kondo temperature is of order 
1 K which leads to ^ ~ 1 micron in semiconducting 
heterostructures. Finite size effects related to the final 
extent of this length scale have been predicted recently 
in two different geometries: a quantum dot embedded in 
a ring threaded by a magnetic Huk^ and a quantum 
dot embedded between two finite size wires connected to 
external leads iSiS In the former geometry, it was shown 
that the persistent current induced by a magnetic flux 
is particularly sensitive to screening cloud effects and is 
drastically reduced when the circumference of the ring 
becomes smaller than In the latter geometry, signa- 
ture of the finite size extension of the Kondo cloud was 
found in the temperature dependence of the conductance 
through the whole system (wires+dot)££*2i 

The previous results were obtained by considering a 
single impurity confined in some mesoscopic finite size 
environment. Similar effects have also been predicted in 
related geometries ,±2iil 

Nevertheless, a more appropriate and certainly rele- 
vant question for bulk materials would be what is the 
lower bound on the average impurity separation neces- 
saryto apply the single impurity theory ? As described 
in [12] , there are at least three different ways of estimat- 
ing such a length scale: i) One can first simply require 
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FIG. 1: Schematic representation of the device under study: 
the two quantum dots are connected to a finite size open wire. 
The Fermi level in the wire is controlled by a gate voltage Ew- 



that the minimum inter-impurity distance to be larger 
than ii) One may require that the density of elec- 
tron states within an energy T$- of the Fermi surface be 
at least as large as rii, the impurity concentration (this 
constitutes the so called Nozieres exhaustion principle), 
iii) Following the mean field treatment of the Kondo lat- 
tice by Doniachji^ one may also require that the energy 
scale related to the average RKKY interaction to be small 
compared to . 

In one dimension (ID), definitions (i) and (ii) provide 
R ~ (j^ for the minimum distance at which impurities 
can be treated independently whereas definition (iii) pro- 
vides R ~ {p°J) 2 S,k wnere J is the Kondo coupling be- 
tween the impurity spin and the conduction electrons and 
p° the density of states. Definition (iii) gives therefore a 
lower estimate for the inter-impurity distance to account 
for multi-impurity effects. 

Recent progress in nanolithography allows to design 
complex geometries able to mimic the behavior of a many 
impurity problem. In particular, Craig et al^ have re- 
cently manufactured a system in which two Kondo quan- 
tum dots are connected to a a common open conducting 
region. Here both the RKKY and Kondo interactions 
compete, thus providing an experimental realization of 
the two-impurity Kondo problem. 

In this paper, we propose to use a rather similar ge- 
ometry to estimate the Kondo screening cloud size. We 
consider the following device: two quantum dots con- 
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nected to a quantum wire of length 21. We assume that 
the quantum dots can be both tuned via independent 
plunger gate voltages in the Kondo regime, and that the 
finite size wire (FSW) can be gated. We also assume 
the FSW to be weakly connected to a two dimensional 
reservoir. The whole geometry is depicted in the Figure 
n The setup we want to study is therefore related to a 
two impurity Kondo problem in a confining geometry, a 
question recently addressed by Galkin et al. 15 using slave 
boson mean field theory. Galkin ct al. have shown that 
the low energy behavior of this system strongly depends 
on the position of the Fermi energy as for the single im- 
purity problem in a confined geometry^ 

We intend to show that when 21 3> the impuri- 
ties behave almost independently whereas for 21 < 
2— impurity effect takes place. The analysis of transport 
through one of the quantum dot allows to discriminate 
between a single impurity behavior from a 2-impurity one 
and may therefore provides an estimate of . The plan 
of the paper is the following: in section 2, we present 
our model Hamiltonian and derive how the finite size 
effects (FSE) renormalize both the Kondo temperature 
and the RKKY interaction. In section 3, we show FSE 
affect quantitatively the transport properties through the 
quantum dot. Finally in section 4, we give a brief con- 
clusion and discuss the generality of our results. 



II. FINITE SIZE EFFECTS AND RKKY 
INTERACTIONS 

In such a geometry, the two artificial impurities are 
connected to both extremities of a quantum gated wire. 
Since the wire is also weakly connected to a two dimen- 
sional reservoir, its spectrum is continuous. In such a 
confined geometry, FSE are to play an important role, 
first because they affect the renormalization of the Kondo 
couplings of each impurities as was shown in but also 
the RKKY interaction. To take both effects into ac- 
count, we choose to use a simple tight-binding model 
which should capture the main physical ingredients of 
this system. 



A. Model Hamiltonian 

In order to treat this problem, we may write the fol- 
lowing simple ID tight-binding Hamiltonian: 

H = Hu + H\y + Hr + H tu n,D + H tun ,R (1) 

with 

Hd = ^ ed,idl i(7 di ><7 + Uin d ,i,ind,i,i , (2) 

i=l,2;er 

21 21 

H w = -t 2J i c ],a c j+i,<y + h - c ) + E W X! n cj'i 3 >) 

j=l;a j=l\cr 



oo 

H R = -tJ2 ( a lcx,a a l+l,^ + h.C.) , (4) 

1=1 a=l,2;CT 

H tun ,D = -t'/Xc'i .g^l.tr + C' 2l (r d2,a + h.C.) , (5) 

H tU n,R = -tw^2(cl a a 1A , a + (cl +la a lt 2.a + h.c), (6) 

a 

where d\ a creates an electron with spin a in dot i, cj a 
creates an electron in the wire at site j with spin a and 
finally a\ creates an electron in the reservoir at site 
I, in the channel a with spin a. In Eq. J5J, the two 
quantum dots are described by two Anderson impurity 
models where e^,,, U% are respectively the energy level and 
the Coulomb repulsion energy in dot i. Eq. © describes 
& ID non interacting finite size wire (FSW) of length 21. 
In Eq. Q , we described the reservoir that coupled to the 
FSW by an infinite two channels wire. This assumption 
is for further technical convenience, the only ingredient 
required being that the FSW is tunnel coupled to a con- 
tinuum (see Ref. @ for details). The last two equations 
(J5J and © describe tunneling of electrons respectively 
between the dots and the FSW and between the reser- 
voir and the FSW. In the following we also assume a 
symmetric geometry i.e we suppose e<j,i = £rf.2 = £d and 
U± = TJ% = U. In fact, we only require in the sequel 
that the Kondo temperatures associated with each dot 
are comparable i.e. T^- = Tj [1 ~ 2 . We have also 
assumed that the FSW is connected to a gate controlled 
by E\y. In order to study transport properties, we need 
to weakly connect at least one dot to extra leads (that 
are represented with dashed lines in the figure QJ. Such 
way of probing the quantum dot transport properties is 
more in the spirit of the STM type measurements since 
it directly probes the local dot density of states. 

We assume that the two dots can be cast in the Kondo 
regime. Such situation has been recently realized experi- 
mentally in Ref. ^ij- We can perform a Schrieffer Wolff 
transformation in order to write Hd + H tU n,D in the fol- 
lowing form: 

H D + H tun ,D — ► J (Si ■ (7i + S 2 ■ <J2i) , (7) 

with J = 2t a + and ^1/2/ = c i/ 2 ;f c i/2/ is 

the local spin density at sites 1 /2l (r are the Pauli matri- 
ces) . We have neglected potential scattering terms which 
are not playing an important role in what follows. 

Before taking into account both the Kondo and RKKY 
interactions, we need to evaluate these two interactions 
in a confined geometry. 

B. Kondo temperatures 

Let us first estimate the Kondo temperature of a sin- 
gle artificial impurity assuming that one quantum dot 
is disconnected of the system. This can be achieved by 
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pinching the wire-dot tunnel junction off. The remaining 
dot is coupled to the FSW and its Kondo temperature 
can be estimated following Ref . @ . In order to calculate 
Trt, we first diagonalize the Hamiltonian at J = 0, i.e. 
we diagonalize Hq = Hw + Hr + H tU n,R- If tw — 0, then 
the wave-functions and eigenvalues of the wire are: 



■4> { j) = (1/V2/ + 1) sm(k W!n j) , 

k Wtn = tto/(2Z+1); l<n<2l, (8) 

e(fe w ,n) = -2tcosk w , n + E w - 

For non-zero tw , the spectrum of if o becomes continu- 
ous. In order to study how the Kondo interaction renor- 
malizes, we express ci, Cn in terms of the eigenstates, c e 
oiH Q : 



21 



21 



de (ff(e)ce, e + f?(e)c ,e) 



(9) 



with j = 1,21 here and the indices e, o are for even or odd 
components under parity symmetry under the middle of 
the line. Indeed H can be decomposed as Hg+Hg which 
are obtained by a folding procedure around a vertical axis 
located at the point j = 1 + 1/2. We have normalized the 
operators c e / o e such that {c e , e , c e / o e i} — S(e — e') and 

{c^ o e , c /e i£ /} = 0. The local density of states seen by 
dot 1 is defined by 

Pi® = l/i e W| 2 + l/i°( e )| 2 = Pl{e) + pl(e) (10) 

and is normalized according to J 2 *t depi(e) = 1. In this 
basis the Kondo Hamiltonian Q can be written as H = 
i?o + Hk with 



dee i 



(11) 



and 



= //* de' {[f[(e)fZ(e')ct te ac ete , 

+f° 1 {e)f 1 {eVoJco.A ■ (§1 + S 2 ) 
+/i e (e)/r(e') x (12) 



[4 e VC ^> + 4 c^Ce^' 



To obtain this equation, we have used the fact that 
/5(e) = /f(e) and / 2 ° ; (e) = -^(e). 

The local density of states pi(e) can be computed ex- 
actly for our tight binding model following Ref. [Tj and 
reads: 

1 j w sin 2 k w sin A: 



even/ odd / 1 \ 
Pi l K J 



7rf 



D 2 , 

e/o 



(13) 



with 



^e/o = [cos fci(sinfcu,(Z -I- 1) =F sinfc„,Z) 

- 7^cos/c(/ + l)sin(k w l)] 2 

+ [smkl(smk w (l + 1) + s'mk w l) 

— j w sin k(l + 1) sin(fc„,/)] 2 . 




FIG. 2: Example of the local density of states seen by the dot 
1. We took 21 = 22 and 7^ = 0.25 



Note that we have defined = tw/t and k w is related 
to k by 



2tcosk — — 2tcosfc„ 



w ■ 



(14) 



If 7w = 0, the even LDOS p\ is simply composed 
of I Dirac peaks/levels separated by the level spacing 
2 A ~ Hvf/1. pi has a similar structure but is shifted 
by A. When 7^ ^ 0, these 21 finite size levels in the 
wire acquire a finite width and their position is slightly 
shifted because of the coupling to the continuum spec- 
trum. p e ^° become now continuous. An example of such 
a local density of states has been plotted for I = 1 1 and 
7iy = 0.5 in Fig. [5J Note that even for = 1, i.e. a 
perfect coupling between the source and the leads, we get 
a succession of peaks of broader widths. We have mod- 
eled the reservoir by a two channel infinite wire in order 
that both even and odd sectors couple to the continuum. 
This density profile is quite general and does not depend 
on our particular model Hamiltonian. It occurs as soon 
as we couple a finite size system to a continuum. 

New energy scales emerge in the problem, the level 
spacing A, which needs to be compared to the bare 
Kondo temperature T# of the dots and the peak width 
S. By bare Kondo temperature T^-, we mean the Kondo 
temperature of a single independent dot in the Kondo 
regime i.e. the Kondo temperature obtained in the limit 
I -> 00. When T£ ~ A, FSE start taking place. The 
genuine Kondo temperature of a single dot Tr- starts to 
depend on the fine structure of the local density of states 
and can be in general very different from Tj^. In this sit- 
uation, the Kondo temperature Tk depends on the wire 
gate voltage Ew being set on a resonance (which gives a 
Kondo temperature TS) or off a resonance (which gives 
a Kondo temperature TE**). This discussion has been 
largely detailed in Ref. |7||8j]. In the limite j w <C 1 one 
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can evaluate: 



and 



o \ 1/27? 



(15) 



(16) 



For strong finite effects, one has T^ R < T§ ~ 0(5). 
Such dramatic dependence of the single impurity energy 
scale with the gate voltage position clearly affects all 
transport and thermodynamic properties!^ 

When both impurities are taken into account, the pre- 
vious results can be extended starting from the hamilto- 
nian in Eq. l|12fl • If the RKKY interactions were switched 
off, both impurities would be now coherently screened in 
a two stage procedure. As above, FSE take place when 
T K ~ A. When this situation is met, the two energy 
scales associated to the two stage screening process de- 
pend strongly on the even/odd local densities of states 
being on or off resonances. This situation is similar to 
the one occuring for a ferromagnetic RKKY interaction 
and will be discussed in section ITTDl 



C. RKKY interaction 

In the previous subsection, we have focussed on the 
Kondo temperature of a single dot ignoring their mu- 
tual interactions. Nevertheless, the two dots also interact 
through the RKKY interaction. The RKKY interaction 
reads: Hrkky — I Si ■ S2. This interaction is automati- 
cally generated at second order in the Kondo coupling J 
and corresponds to the coherent process where an elec- 
tron participating in the screening of the artificial first 
impurity can also participate in the screening of the sec- 
ond impurity. Remmenber that a more dynamical type 
of screening is involved here rather than the one occuring 
for charge impurities in a Fermi liquid. 



e(fc, 



,)<t F ;e(k' m )>e f 



sin(k w ) sin(k' w ) sin(2k w l) sin(2k' w l) 
e(k w ) - e(k' w ) 



where the e(k w ) have been defined in Eq. (jSJ) and ep is 
the Fermi energy. For I 3> 1 and tp ~ 0, this expression 
simplifies and reads ^ 



I = 



J 2 cos(2fc F (2Z)) _ ir\ 2 Dcos(2k F (2l)) 



47rf(2Z) 



8(20 



(18) 



where A = p J = J sm(kp) / (itt) is the dimensionless 
Kondo coupling and D = 2t is the band width. This 
is the usual from of the RKKY interaction in ID. The 
above interaction is always positive at exactly half filling 
because we take 21 sites. Had we we taken an odd number 
of sites, we would get an opposite sign i.e a ferromagnetic 
interaction. 

One may argue that the impurity can no longer be re- 
garded as independent when / ~ Tj^. This result has 
been obtained for example by applying the slave boson 
mean field theory approximation for the two impurity 
problem by Jones et al.m^ From this argument, we have 
seen in the introduction that at fixed £ K , the dots need to 
be brought rather close (compared to £ K ) to start feeling 
the RKKY interaction effects. However, we have seen 
that screening cloud FSE occur already when £ K ~ 21 
with a strong renormalization of Tr. This may suggest 
that FSE occur first when approaching the two impuri- 
ties. Nevertheless, this argument is too naive since FSE 
may also affect the RKKY interaction as we will see. A 
more refined analysis is clearly demanded when T K < A. 



2. Unusual situation: T% <C A 

In this regime, one have already seen how the Kondo 
temperature is renormalized depending on the density of 
states being on resonance or off resonance. In our general 
case of a finite size wire connected to a source lead, the 
RKKY interaction can be written at lowest order in J 
as: 



1. Usual situation: T% 2> A 

Let us first consider the simple case of a very long 
wire connecting the two dots without the reservoir (i.e. 
Iw = 0). At lowest order in J, the RKKY interaction 
reads 



Hrkky — IS1S2 



(19) 



D 



J'SiS 2 J de I <!< 

-D t F 



,h(e)hi(e)Me>)Me>) 



where the fj(e) have been defined in Eq.(|5J|. In the limit 
7w *C 1, the LDOS they can be well approximated as 
(17) follow: 



ir Pj (e) 



21 + 1 



sin 2 (k w>n j) 



(e-e n y + Sl 



(20) 
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and in a similar way 

2 5 
7r/i(e)/ 2 ;(e) w ^-j-y ^ sin(fc w ,») sin(2lfc m , n ) ^ - - ^ - ^ . (21) 

In these expressions, we have defined e n — e(k w ,n) ((k w ,n was introduced in Eq. JHJl) and S n ~ 7^ sin 2 k w>n sinfc/Z 
corresponds to the peak width. This faithful approximation allows us to evaluate the RKKY interaction when finite 
size effects do occur: 



J« - 



2/ + 1 



E 



de / de' sin 2 (k n )sin 2 (k n i)(—l) 



s n s„> 



-D 



r 



(e-e')((e- e „) 2 + ^)(( e '- en ,)2+^, ) 



(22) 




FIG. 3: RKKY interaction as a function of Ew- We took the 
same parameter as in Fig. |21 21 = 22 and 7^ = 0.25. When 
Ew is tuned on a resonance, the RKKY interaction becomes 
positive and gets enhanced by a factor 
by Eq. 0}. 



l/7vc as predicted 



The terms that contribute mostly in the above sum- 
mation are the ones where e„ are in the vicinity of cf- 
We need to distinguish two different situations: 

(i) Suppose that Ew is tuned such that cf lies be- 
tween two resonances peaks of the local density of states. 
The integral is therefore mainly dominated by these two 
consecutive resonance peaks that implies that n + n' is 
odd. The whole integral is therefore positive meaning the 
RKKY interaction is antiferromagnetic. 

(ii) Suppose that Ew is tuned such that ej? is on a 
resonance. The integral is mainly dominated by this res- 
onance peak and therefore n = n' — uf- The whole 
integral is therefore negative meaning the RKKY inter- 
action is ferromagnetic. 

We can therefore conclude that FSE also plays a crucial 
role by fixing the sign of the RKKY interaction as already 
noted in 151. When the LDOS is tuned off resonance, 
the RKKY interaction is always antiferromagnetic, when 
the LDOS is tuned on resonance, the RKKY interaction 
is always ferromagnetic. This strong sign dependence 



opens the way for a control of the RKKY interaction. 

Furthermore, these integrals can be estimated (in the 
limit 7w <C 1) using the previous approximations: 



I 



NR 



J- 



I 1 



2ci sin (kp) 

(2l) 2 A 
2 c 2 sin(fc F ) 



J 2 ClSiD . fc ^° , (23) 



-J 



2lir lw t 



-J 



21 

2 C 2P0 

2^' 



(24) 



with po = sin(feir)/(7ri) and ci,C2 two numerical factors 
of order 1. 

We see that the RKKY interaction I R is actually en- 
hanced when the LDOS is tuned on resonance (j w <C 1) 
whereas I NR « I remains almost unchanged. A rather 
similar behavior occurs for magnetic impurities in quan- 
tum corrals^ In order to check these predictions, we 
have calculated numerically the integral given by Eq. 
Q22JI and plotted the RKKY interaction I as a function 
of E w in Fig. |3]when E w goes through a resonance. It 
confirms first that the RKKY interaction can be varied 
continuously from positive to negative value and second 
that the RKKY interaction becomes ferromagnetic and 
considerably enhanced when E\y is nearby a resonance. 



D. Discussion 

Let us discuss and compare the RKKY interaction 
with the Kondo interaction. We assume that J and 
Tj[ ~ D cxp — l/(p° J) are fixed and the distance between 
the dots can be varied. When T£ > A i.e £° K < (21), 
we are in the usual situation where the impurities can 
be regarded as almost independent (the overlap between 
both screening clouds is 0(2l/^)M The RKKY inter- 
action becomes important when the distance / between 
the dots satisfies I ~ (p a J) 2 £,Ki a condition that is clearly 
not satisfied in this limit. 

Suppose now that we bring closer together the quan- 
tum dots such that 21. In order to analyze this 
limit, we may integrate out high energy degrees of free- 
dom resulting from a change of J(D) = J to J e ff(A) in 
the above expressions for the RKKY interaction^ The 
two scales that must be compared are now Tk and /. 
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i) When the LDOS is tuned off resonance, T^ R is 
strongly reduced compared to T% whereas I ~ I in- 
creased as 1/2/ when reducing i. We therefore expect 
a sharp crossover from an independent regime to a a 
regime where the dots form a singlet (remember that 
I > off resonance). This cross-over is mainly due the 
strong renormalization of into T^ R rather than to 
the increase of /. 

ii) When the LDOS is tuned on resonance then T§ = 
0(S) with S the peak width whereas the RKKY interac- 
tion is enhanced by the decrease of I but especially by the 
extra factor j^ 2 3> 1. As we decrease I, we also expect 
here a sharp crossover from a two almost independent 
impurity regime to a two ferromagnetically coupled im- 
purity regime as soon as T§ < I R . When two impurities 
are coupled ferromagnetically, they form an effective spin 
1 impurity. Conduction electrons try to screen this effec- 
tive spin 1 impurity. Following the work by Jayaprakash 
et al.r^ we can write the following low energy effective 
Hamiltonian obtained by integrating out high energy de- 
grees of freedom from D to T < A around the resonance, 
where T is the scale at which T|? < I R . 

H eff » H el + J eff (T)S ■ (<?! + a 2l ) 

« H el + J eff (T)S- K" e " + < d ), (25) 

where ^ en l odd correspond to the even/odd part of the 
local spin density of states coupled to the effective impu- 
rity. As we have already seen, this decomposition is ob- 
tained by folding the initial model under the vertical axis 
j = I + 1/2. The density of states consists of even/odd 
peaks. Therefore, we expect at very low energy a two- 
stage kondo effect in this regime. Indeed, suppose we 
adjust Ew on a resonance, this resonance can be either 
odd or even under parity. Let us for example assume 
this resonance to be even and keep on integrating out 
high energy degrees of freedom. When we will be close 
to the resonance J e ffP\ will grow rapidly whereas Jeff Pi 
will remain rather small. In the limit jw ^ 1 these two 
scales can be evaluated easily and correspond approxi- 
mately to T R and (Tj* R ) 2 /A < Tg R . We note that the 
ratio between these two scales is exponential contrary to 
what was claimed in 

In the previous paragraph we compared and 21. It 
is of course not obvious to fine-tune 21 the wire length. 
On the other hand, we may find for each dot different 
Kondo valleys characterized by different Kondo temper- 
atures and therefore different Kondo screening lengths. 
A natural way to proceed experimentally would be to 
select for each dot, at least two distinct Kondo val- 
leys with rather different Kondo scales (ideally by one 
order of magnitude) in order to probe both regimes 
f° - f° ~ f° ^> 21 and f Q — P° ~ f° < 21 
Furthermore, in these Kondo valleys, the Kondo tem- 
peratures can also be varied using the dot plunger gate 
voltages. 

Finally, in the previous discussion, we assume T = 
and exhibit the main energy scales of the problem. An 



interesting and controversial issue is to obtain quantita- 
tively the full phase diagram (for example in the (T, J) 
plane) of the two impurity and especially Kondo lattice 
problem. In order to approach this non trivial issue, so- 
phisticated techniques are required (see for example 20] ). 



E. Non Fermi liquid fixed point 

In the two impurities Kondo problem, the two Fermi 
liquid phases (the impurity singlet or the screened impu- 
rity triplet) may be separated at T = by a non Fermi 
liquid (NFL) fixed point depending on some realization 
of the particle-hole symmetryi2ii22i22i One may wonder 
whether this NFL fixed point can be reached in such a 
geometry. We have seen that 21 ^> is required in 
order for the RKKY interaction to take place. In this 
regime, we need to distinguish between the LDOS being 
on or off a resonance. When the LDOS is on a resonance, 
the RKKY interaction is ferromagnetic and no such NFL 
fixed point is found for this sign of the RKKY coupling. 
Suppose now the RKKY interaction is tuned in between 
two resonances therefore of different parity. In our ID ge- 
ometry, this implies in particular f[ (— e) = f°(e). When 
this condition is satisfied, it has been demonstrated by 
Affleck et al.jSi that the Kondo Hamiltonian has indeed 
the wrong particle- hole symmetry and no nontrivial criti- 
cal point is expected to occur between the two FL phases. 
One can therefore conclude that such one dimensional 
like geometry is not suitable to reach the vicinity of the 
NFL fixed point of the two impurity Kondo problem. 
The only way to reach such NFL fixed point would be to 
position the wire gate voltage on a resonance (therefore 
I < 0) in order to have the right particle-hole symme- 
try and to find an extra way to generate an additional 
antiferromagnetic coupling between the two impurities. 



III. TRANSPORT PROPERTIES 

A. Zero temperature 

The transport properties of the dots can be probed 
individually by attaching for example two very weakly 
coupled leads as depicted in Fig. 1. The conductance 
is governed by the local density of the individual dots. 
Such a 3— terminal measurement provides a spectroscopic 
analysis of the dot density of states much alike the STM 
probes the density of a magnetic impurity adsorbed on 
a surfaced From the analysis developed in the previous 
section, we infer that as soon as (21), the quantum 

dots are almost independent. This corresponds to the 
usual situation where the conductance reaches its max- 
imum value. Extending the scattering approach devel- 
oped by Ng and LeeS^ to several leads (see also |8u26j. 
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this maximum value reads: 



interaction), the conductance takes the form 



Gtj = 



2e 2 



4r. s r„ 



h (r fl 



2e 2 4r,r d 

a i w 



(26) 



Gi — Gf 



^ 2 /2 



where Tw = Trp°t' 2 is the junction conductance between 
the dot and the wire and T s / d is the junction conductance 
between the dot and the source/drain lead. 

The interesting situation occurs when > (21). We 
have seen that the sign and the amplitude of the RKKY 
interaction depends on E\y being adjusted to a resonance 
or off a resonance. This will have strong implications on 
transport properties. In the former case (on resonance), 
the impurity is screened through a two stage procedure 
and the conductance can reach the maximum value given 
by Eq. I|26fl . In the latter case, the impurities form a sin- 
glet and the conductance is expected to be zero. Note 
that the conductance is in fact non zero for a generic 
quantum dot but instead dominated by potential scat- 
tering terms we neglected here that lead to elastic co- 
tunncling processes. At T = 0, the regime ^ a K ^S> 21 can 
be therefore characterized by a variation of the dot con- 
ductance between and Gjj when tuning the wire gate 
voltage. It is worth looking at the differential conduc- 
tance dl/dV where V is the voltage bias between the 
two extra leads. A (narrow) peak at zero bias of width 
and height Gjj is expected in the former case whereas 
no peak is expected in the latter case. Furthermore, two 
extra small peaks are also expected in the differential 
conductance at eV = ±1 corresponding to magnetic ex- 
citations. These features should allow to differentiate the 
single impurity behavior <C 21) from the 2-impurity 
behavior ^> 21). The qualitative shape of these extra 
peaks has been analyzed in [2?| . 



B. Finite temperature 

The previous results can be extended at finite temper- 
ature. When £° <C 21, the dots behave independently 
and the finite temperature conductance of dot 1 simply 
reads 



Gi = Guf(T/T° K ), 



(27) 



where / is a universal scaling function of the ratio T/Tk- 
Its asymptotic behavior readsS 



/(*) 

m 



1 - (ttx) 2 for x -C 1, 
3^ 2 /16 



In 2 (:r) 



for x 1. 



(28) 
(29) 



On the other hand, in the limit £® ^>> 21, the conductance 
depends on the artificial impurities forming a singlet or a 
triplet state. It is not obvious to read from the transport 
properties in which of these two states the impurities 
are, as it was recently highlighted by the experiment of 
Craig et al.M Indeed for / < (ferromagnetic RKKY 



ln 2 (T/T|) 



for 1/1 > T > T§, 



(30) 



and is therefore rather small compared to Gjj- The con- 
ductance for / > being dominated by finite tempera- 
ture cotunneling processes is rather small too. Therefore 
the linear conductance does not really allow to discrim- 
inate in which states the impurities are in this temper- 
ature range. However, as it was analyzed recently in 
|27l28| . transport spectroscopy in a finite in-plane mag- 
netic field should enable to distinguish between both im- 
purity ground state (either singlet or triplet). From an 
experimental point of view, it is therefore crucial to gate 
the wire since it may offer an opportunity to go continu- 
ously from one regime to another way. 



IV. DISCUSSION OF THE RESULTS 

We have seen that when two quantum dots are brought 
closer together, they significantly deviate from the single 
impurity behavior as soon as 3> 21. This deviation 
from the single impurity behavior occur mainly because 
of the strong renormalization of the Kondo temperature 
but also from the renormalization of the RKKY inter- 
action. When FSE play an important role, we also pre- 
dict that the gating of the wire should allow to control 
the sign of the RKKY interaction and therefore the wire 
gate voltage Ew might be used to control the ground 
state of our system (singlet/triplet). By probing individ- 
ually the spectral properties of each dot, one can differ- 
entiate the single impurity transport properties from the 
2-impurities ones and therefore provide a lower estimate 
of the Kondo screening length. 

In order to obtain these results we made some approx- 
imations that we want to discuss here. First we assume 
that the wire is thin enough such that we can restrict a 
single transverse channel. If the wire contains N differ- 
ent transverse channels, the results derived here can be 
extended following 0. In particular, FSE start to play a 
role when Tg- < A/N i.e. for > Nl& For thick wires, 
such a condition is difficult to meet experimentally and 
the renormalization and no renormalization of the Kondo 
temperature occurs when we vary the wire gate voltage. 
To see the effects discussed in this paper, it is therefore 
preferable to work with thin wires containing a few chan- 
nels only. 

We have also assumed that the wire is in a ballistic 
regime, or at least that the mean free path Id is the largest 
length scale by far. If the mean free path Id would be 
for example smaller than the length of the short wire, 
we would then need to compare the Kondo length scale 
£je with Id and not with 21 the wire length. Moreover, 
it is very likely that the simple dependences of Tk and 
of the RKKY interaction with Ew will be washed out. 
Nevertheless, for a clean semiconducting wire of typical 
length ~ 1 micron, we may expect Id > 21. 
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We have also neglected Coulomb interactions in the 
wire. Coulomb interactions will first affect both the 
Kondo temperature and the RKKY interactions. As- 
suming that the interacting wire can be described by a 
Luttiger liquid characterized by a dimcnsionlcss strength 
parameter g (g — 1 corresponds to the non interacting 
case), the Kondo temperature takes a power-law fash- 
ion T 1 ^ ~ vf(poJ) 2 ^ 1 " 9 ^ instead of the conventional 
exponential dependence. 30 It can also be shown that 
the RKKY interaction decreases as a power law, / ~ 
Vp(poJ) 2 /(2l) 9 , with 21 the inter-impurity distance. 3 - 
For a Luttiger liquid with repulsive interactions g < 1, 
it implies an increase of the Kondo temperature (there- 
fore a decrease of the screening cloud) and the RKKY 
interaction becomes longer range compared to the non- 
interacting case. We have seen in the introduction for 
the non interacting case that the criterium for FSE to 
occur is 21 < whereas the criterium I > Tg provides 
the more restrictive condition 21 < (poJ) 2 £k- ^ n the 
other hand, in presence of interactions, both criteria pro- 
vides the same length scale I* ~ (poJ) 2 ^ 9 ^ — £k under 
which FSE and RKKY interaction come into play. There- 
fore, we expect here an even sharper cross-over from a 
1— impurity regime to a 2— impurity regime. Neverthe- 
less, repulsive interaction considerably affects also trans- 
port properties through the dots. In the low energy limit, 
processes that transfer one electron between the leads 



and the interacting wire become irrelevant^ Therefore 
the leads and the wire decouple as two independent (very 
anisotropic) channels. Because the coupling between the 
dot and the wire is much stronger, the screening of the 
impurity occurs at low energy in the wire only. The 
conductance in the leads is dominated in this low en- 
ergy limit by potential scattering terms that lead to res- 
onant cotunneling processes (that do not renormalize). 
The conductance is therefore very small compared to Gjj 
whatever a single impurity or a 2— impurity scenario oc- 
curs. It seems therefore less obvious to differentiate these 
two cases (and therefore to provide a lower estimate of 
) in presence of interactions at least in the equilibrium 
conductance. The differential conductance may reveal on 
the other hand interesting features at large bias that may 
help to distinguish the 1— impurity regime from the 2— 
impurity regime. A full quantitative analysis of trans- 
port properties incorporating consistently both Coulomb 
interactions and finite level spacing is required but goes 
beyond the scope of the present paper. 
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